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Abstract
It is known that if X is a compact convex subset of a locally convex space E, then the set of all
continuous affine functions on X equals the set (E∗ +R)|X . We study the possibility of extending
this theorem for noncompact sets. For a bounded convex subset X of a locally convex space E we
characterize those continuous affine functions belonging to (E∗ +R)|X . We also give an example of
a closed bounded convex subset X of c0 and a continuous affine function on X, which does not belong
to (l1 +R)|X .
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The classical Choquet theory deals with compact convex subsets of locally convex
spaces. Later, there have been many attempts to extend this theory for noncompact sets, for
example, for closed bounded convex sets. Because such general sets need not have many
pleasant properties, many authors restrict themselves to closed bounded convex subsets of
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Banach spaces, which have the Radon–Nikodym property. In this framework, many results
similar to those of the compact Choquet theory have been obtained.
In this note, we will focus our attention on the possibility of extending Theorem 1 from
the compact Choquet theory to the noncompact setting. Because of the nature of the problem
in question, we need not restrict ourselves to some special classes of sets or spaces and will
work with bounded convex subsets of locally convex spaces.
First, let us summarize some notation and terminology used in the sequel. Throughout the
whole paper, all vector spaces and functions will be real. Locally convex spaces are always
supposed to be Hausdorff. The convex hull of a subset M of some locally convex space will
be denoted by conv(M), the closed convex hull by conv(M). A function f on a convex subset
X of some locally convex space is said to be affine if f (x + (1−)y)= f (x)+ (1−) f (y)
for every x, y ∈ X and  ∈ (0, 1), and concave if f (x + (1 − )y) f (x) + (1 − ) f (y)
for every x, y ∈ X and  ∈ (0, 1). The set of all continuous affine functions on X will be
denoted by A(X ). If E is a locally convex space, we denote by E∗ the topological dual of
E. The convergence in the weak topology on E will be denoted by →.
If X is a bounded convex subset of a locally convex space E, we denote by (E∗ +R)|X the
set of all restrictions to the set X of functions of the form + a, where  ∈ E∗ and a ∈ R,
and by (E∗ + R)|X the closure of this set in the space Cb(X ) of all bounded continuous
functions on X equipped with the supremum norm (every f ∈ (E∗ + R)|X is bounded on
X, since X is bounded). Of course, (E∗ + R)|X ⊂ A(X ). Note that every continuous affine
function on a bounded convex set is bounded (in [1, Proof of Theorem I.2.6] there is a proof
for compact sets but the only property of compact sets it uses is boundedness). The space
A(X ) is a closed subspace of Cb(X ).
If E is a locally convex space equipped with the weak topology, we denote by E˜ the
completion of this space, which is again locally convex (see [6, Chapter II, 4.1]). Note that
the space E with the weak topology is uniformizable (with the vicinities {(x, y) ∈ E × E :
y − x ∈ V }, where V runs through all weak neighbourhoods of 0 in E) and E˜ is then the
completion of this space in the sense of uniform spaces (see again [6]). If X ⊂ E , we denote
by X˜ the closure of X in the space E˜ .
Theorem 1. Let X be a compact convex subset of a locally convex space E. Then A(X ) =
(E∗ + R)|X .
The proof of this theorem can be found in [5, Proposition 4.5]. An immediate consequence
of this theorem is that continuous affine functions on compact convex sets fulfill the barycen-
ter formula, that is, if X is compact and convex, f ∈ A(X ) and  is a probability Radon mea-
sure on X with a barycenter x ∈ X , then f (x) = ∫X f d
(see [5, p. 22]). As is shown in [3], if X is a closed bounded convex subset of a locally
convex space E and f ∈ A(X ), then f = inf{h ∈ (E∗ + R)|X : h f } and there-
fore the barycenter formula holds for f and for every probability measure which has a
barycenter.
Note that the assertion of Theorem 1 holds true if X is a convex set with a nonempty
interior (in this case we have even A(X ) = (E∗ + R)|X ). Nevertheless, we will show that,
in general, the assertion of Theorem 1 is no longer valid for noncompact convex sets.
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We will also characterize those continuous affine functions belonging to the set (E∗ + R)|X .
For the latter purpose we will need the following definition.
Definition 2. Let E be a locally convex space, X ⊂ E and f be a real function on X. We say
that f is uniformly continuous on X if for every > 0 there exists a neighbourhood U of 0
such that for every x, y ∈ X , x − y ∈ U , the inequality | f (x) − f (y)|<  holds. We say
that f is weakly uniformly continuous on X if f is uniformly continuous on X with respect to
the weak topology on E.
This definition of uniform continuity of course coincides with the one from the theory
of uniform spaces if we consider X as a uniform space (with the uniformity induced by
the uniformity on E with the vicinities UV := {(x, y) ∈ E × E : y − x ∈ V }, V a
neighbourhood of 0 in E). It is not difficult to show that if { fn} is a sequence of uniformly
continuous functions on X, which converges uniformly to a function f on X, then f is uniformly
continuous on X too.
Lemma 3. Let X be a convex subset of a locally convex space E and let f be a weakly
uniformly continuous affine function on X. Then there exists a continuous affine extension
of f to X˜ .
Proof. The set X˜ is a uniform space in which X with the weak topology is a dense subspace.
From [2, Theorem 8.3.10] it follows that there exists a continuous extension f of f to the
set X˜ . That f is affine is almost immediate. 
Theorem 4. Let X be a bounded convex subset of a locally convex space E and let f be a
continuous affine function on X. Then f ∈ (E∗ + R)|X if and only if f is weakly uniformly
continuous on X.
Proof. Suppose that f ∈ (E∗ + R)|X . As we remarked after Definition 2, uniform limit of
a sequence of uniformly continuous functions is again uniformly continuous. Since every
function from (E∗ +R)|X is weakly uniformly continuous on X, it follows that f is weakly
uniformly continuous on X.
For the opposite implication, suppose that f is weakly uniformly continuous on X and
let > 0. By Lemma 3, there exists a continuous affine extension f of f to X˜ . The set X˜ is
compact. Indeed, X is bounded and therefore precompact in the weak topology on E (see
[6, Chapter IV, 5.5, Corollary 2]), thus X˜ is precompact and X˜ is also complete being a
closed subset of a complete space, which means that X˜ is compact (see [6, Chapter I, 5.1]).
The set X˜ is also convex and therefore by Theorem 1 there exists h ∈ (E˜)∗ + R such that
‖ f − h|X˜‖< . Denote h := h|E . Then h ∈ E∗ + R and ‖ f − h|X‖<  and the proof is
complete. 
As we will see later, the class of all weakly uniformly continuous affine functions on X
can be a proper subset of A(X ). However, Corollary 6 shows that we cannot find an affine
function that is continuous but not weakly continuous.
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Theorem 5. Let X be a convex subset of a locally convex space E, f be a concave function
on X and x ∈ X . Then f is upper semi-continuous at x if and only if f is weakly upper
semi-continuous at x.
Proof. Let f be upper semi-continuous at x and assume for the contradiction that f is not
weakly upper semi-continuous at x. Then there exist > 0 and a net {x} in X, x → x , such
that f (x) f (x)+ for every . It follows from the separation version of the Hahn–Banach
theorem that x ∈ conv({x}). Since f is concave, we see that f (y) f (x) +  for every y ∈
conv({x}). Since x ∈ conv({x}), it follows from the upper semi-continuity of f at x that
f (x) f (x) + , which is a contradiction.
The opposite implication is obvious. 
Corollary 6. Let X be a convex subset of a locally convex space E and let f be an affine
function on X. Then f is continuous on X if and only if f is weakly continuous on X.
In view of this corollary we get that the assertion of Theorem 1 holds also for weakly
compact convex sets instead of compact and convex.
Finally, we will give an example showing that the class of all weakly uniformly continuous
affine functions on X can be a proper subset of the class of all weakly continuous affine
functions on X, even for the case when X is a closed bounded convex subset of a Banach
space. Hence the assertion of Theorem 1 is not valid for noncompact sets. Recall that
c0 denotes the space of all sequences of real numbers converging to 0 equipped with the
supremum norm.
Example 7. There exist a closed bounded convex subset X of c0 and a weakly continuous
affine function f on X such that f is not weakly uniformly continuous on X.
Proof. Let X := {{xn} ∈ c0 : 1 = x1x2x3 . . .}. It is easy to show that X is a closed
bounded convex subset of c0.
Define
f ({xn}) :=
∞∑
n=1
(−1)n+1xn, {xn} ∈ X .
By the Leibniz theorem this series converges. The function f is affine and weakly continuous
on X. Affinity of f is obvious.
Let us show that f is weakly continuous on X. By Corollary 6 it suffices to check continuity
in the norm topology. Let xk → x in the norm topology, where xk = {xkn }, x = {xn} are in
X. Let > 0 be given. Then there exists n0 ∈ N such that xn <  for n > n0. Further, there
exists k0 ∈ N such that ‖xk −x‖< /n0 for kk0. Note that for every {yn} ∈ X and m ∈ N
we have
∣∣∣∣∣
∞∑
n=m
(−1)n+1 yn
∣∣∣∣∣  ym .
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Then for kk0 we have
| f (xk) − f (x)| =
∣∣∣∣∣
∞∑
n=1
(−1)n+1xkn −
∞∑
n=1
(−1)n+1xn
∣∣∣∣∣
=
∣∣∣∣∣∣
n0∑
n=1
(−1)n+1(xkn − xn) +
∞∑
n=n0+1
(−1)n+1xkn −
∞∑
n=n0+1
(−1)n+1xn
∣∣∣∣∣∣

n0∑
n=1
|xkn − xn| +
∣∣∣∣∣∣
∞∑
n=n0+1
(−1)n+1xkn
∣∣∣∣∣∣+
∣∣∣∣∣∣
∞∑
n=n0+1
(−1)n+1xn
∣∣∣∣∣∣
< n0

n0
+ xkn0+1 + xn0+1 = + |xkn0+1 − xn0+1 + xn0+1| + xn0+1
 + |xkn0+1 − xn0+1| + 2xn0+1 < +

n0
+ 24.
Hence f is continuous on X.
To show that the function f is not weakly uniformly continuous on X, let U be a weak
neighbourhood of 0. Let en ∈ c0 be the canonical vectors whose n th coordinate is 1 and
all remaining coordinates are 0. Then en
→ 0 and therefore there exists n02 such that
en0 ∈ U . Let x := {xn} ∈ X be such that xn = 1 for nn0 and xn = 0 for n > n0 and
y := {yn} ∈ X such that yn=1 for nn0−1 and yn=0 for n > n0−1. Then x−y=en0 ∈ U .
Since
| f (x) − f (y)| =
∣∣∣∣∣
∞∑
n=1
(−1)n+1xn −
∞∑
n=1
(−1)n+1 yn
∣∣∣∣∣= |(−1)n0+1| = 1,
we see that f is not weakly uniformly continuous on X. 
Remark. Let E be a Banach space, X ⊂ E be closed, bounded and convex and let f be a
function on X, which is continuous affine but not weakly uniformly continuous (Example
7 provides such an example). We may assume that 0 ∈ X . Let F := span(X ). The space
F × R is a Banach space and there exists > 0 such that the graphs of the functions f and
f + (denote them by graph( f ) and graph( f +), respectively) are disjoint closed bounded
convex sets in F × R, which cannot be separated by a closed hyperplane.
Indeed, assume that for every > 0 there exists L ∈ (F × R)∗\{0} and c ∈ R such
that sup L(graph( f ))c inf L(graph( f + )). We may write L((x, t)) = l(x) + t L((0, 1))
where l ∈ F∗. We have L((0, 1))> 0. Indeed, if x ∈ X is chosen arbitrarily, then l(x) +
f (x)L((0, 1))l(x) + ( f (x) + )L((0, 1)) and therefore L((0, 1))0. Further, it must be
that L((0, 1))  0, since otherwise X would lie in a closed hyperplane in F (by a hyperplane
in F we mean a linear subspace of F of codimension 1), which is a contradiction with
F = span(X ). Denote g(x) := (c − l(x))/L((0, 1)) for x ∈ X . Then g ∈ (F∗ + R)|X and
f g f + . This means that f ∈ (F∗ + R)|X , which is impossible due to the fact that f
is not weakly uniformly continuous and Theorem 4.
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It is proved in [7] that in reflexive Banach spaces every pair of disjoint closed bounded
and convex subsets can be separated by a closed hyperplane. On the other hand, in [4] it
is shown that in every separable non-reflexive Banach space there exist a pair of disjoint
closed bounded and convex subsets, which cannot be separated by a closed hyperplane.
It seems that the question for nonseparable spaces is still open.
I would like to thank Professor Jaroslav Lukeš for many useful suggestions concerning
this paper.
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